Abstract. In this paper we study finite semiprimitive permutation groups, that is, groups in which each normal subgroup is transitive or semiregular. We give bounds on the order, base size, minimal degree, fixity, and chief length of an arbitrary finite semiprimitive group in terms of its degree. To establish these bounds, we classify finite semiprimitive groups that induce the alternating or symmetric group on the set of orbits of an intransitive normal subgroup.
Introduction
Semiprimitive groups have been the topic of several recent papers, driven by their connection to the Weiss Conjecture in graph theory [5, 6, 18] , the structure of collapsing monoids [3] , and the fact that they naturally generalise the important classes of primitive, quasiprimitive, and innately transitive groups (see Definition 2.3), each of which have been studied extensively in their own right. The O'Nan-Scott-like classifications of primitive, quasiprimitive, and innately transitive groups partition these classes into O'Nan-Scott types according to the action of minimal normal subgroups. Recently, Giudici and Morgan [7] established a similar classification for semiprimitive groups, and posed a series of open problems, several of which are answered here.
Throughout the paper, we adopt the following notation and terminology:
(1) Let Ω be a set. We denote by S Ω the symmetric group of all permutations on Ω, and refer to a subgroup of S Ω as a permutation group on Ω. For a group G Date: June 5, 2018.
1 acting (possibly unfaithfully) on a set Ω, we denote by ωg the image of ω ∈ Ω under g ∈ G. (2) A permutation group G S Ω is semiregular if only the identity of G fixes a point in Ω. (3) A permutation group G S Ω is transitive if for all α, ω ∈ Ω, there exists at least one g ∈ G for which αg = ω.
1.1. Semiprimitive Groups. As in [7] , we make the following definition. Definition 1.1. A transitive permutation group G S Ω is semiprimitive if every normal subgroup of G is transitive or semiregular.
A useful characterisation of semiprimitivity is given by the following lemma.
Lemma 1.2 ([3, Lemma 2.4]). A finite transitive permutation group is semiprimitive if and only if for every intransitive normal subgroup N of G, the kernel of the action of G on the set ∆ of N-orbits is N.
In this paper, we study finite semiprimitive groups, and bound several important group-theoretic quantities for this family. A key feature of these groups is their collection of antiplinths. Definition 1.3. Let G be a permutation group. An antiplinth N of G is a subgroup N of G that is maximal by inclusion among all intransitive normal subgroups of G.
The term antiplinth was invented as a pun on the term plinth, defined in [7, Definition 3.4 ] to be a minimally transitive normal subgroup. An antiplinth, being maximal among intransitive normal subgroups, is in some sense the opposite. The importance of this concept to the study of semiprimitive groups, and its appearance in Theorem 1.5, is explained by the following lemma. Lemma 1.4. Let G S Ω be a semiprimitive permutation group with antiplinth N, and let ∆ be the set of N-orbits in Ω. Then G/N acts faithfully and quasiprimitively on ∆.
Bounds.
The order |G| of a group G is the number of elements in it. The question of bounding this quantity for a class of groups satisfying a given property is very natural, and bounds on the orders of various kinds of permutation groups have been sought for more than a century. In fact this problem for primitive groups was the theme of the 1860 Grand Prix de Mathématiques announced in 1857 by the Paris Academy (see, for example, the essay of Peter M. Neumann in [22, pp.3-4] ).
The base size b(G), minimal degree m(G), and fixed point ratio f pr(G) are each important in computing applications, and also yield results about |G|. The chief length of a group is an important theoretical invariant, and our work here furthers prior work on the composition length of such groups in [8] . We give the formal definitions of each of these quantities in Definitions 2.1 and 2.2. Our main result about semiprimitive groups is the following, answering Problems 1, 3, and 4a of [7] . Theorem 1.5. Let G S Ω be a semiprimitive permutation group of degree n such that A Ω G. The following hold:
(1) The order of G satisfies |G| < 4 n .
(2) There is a constant n 1 such that if n n 1 , then b(G) 4 √ n log(n). For such groups we have |G| 2
4
√ n(log 2 n) 2 .
(3) The minimun degree satisfies m(G) ( √ n − 1)/2.
(4) Either, for some antiplinth M of G, the socle of G/M is a product of alternating groups, or fpr(G) 4/7. (5)
The chief length of G satisfies l(G) 2 log 2 n.
The result for minimal degree is particularly interesting, since by [10] , groups with large minimal degree are indistinguishable, in the sense that they prevent certain quantum algorithms from solving the hidden subgroup problem efficiently. Note that the composition length of finite semiprimitive groups has been bounded previously by Glasby et al. in [8] . For the present paper, we chose to generalise results that do not rely on the Classification of Finite Simple Groups (CFSG), and as such sharper bounds are possible for some of these quantities. In several cases, similar arguments to the ones used here also work to generalise the stronger results. For example, Liebeck and Saxl [11, Corollary 3] establish a bound for m(G) for primitive groups G that is a factor of four better than the function in Theorem 1.5(3). The same bound can also be shown to hold for all semiprimitive groups, except 3.S 6 acting on 18 points and the full alternating and symmetric groups.
1.3. Classification. In order to establish the bounds in Theorem 1.5, we require knowledge of finite semiprimitive groups that induce the alternating or symmetric groups on the set of orbits of an intransitive normal subgroup. These are exactly the groups which cause problems for reductions. The following theorem provides a classification of such groups. 
Preliminaries
In this section we will collect the foundational material for the proofs of Theorems 1.7 and 1.5. This includes all relevant definitions, theorems from the literature, and proofs for lemmas which we will later need.
Group Theoretic Quantities.
We introduce the definitions of the group theoretic terms that we are primarily interested in, and explain the quantities that we will later bound.
Definition 2.1. Let G be a finite group.
(1) The socle soc(G) of G is the subgroup of G generated by the set of all minimal normal subgroups of G. (2) A chief series {N i } for G is a set of normal subgroups of G with the property that, for all i, we have N i N i+1 , and N i+1 /N i is a minimal normal subgroup of G/N i . (3) The chief length l(G) of G is the length of a chief series of G.
By the Jordan-Hölder Theorem, the chief length of a group G depends only on the isomorphism type of G, and is independent of the chosen series. If G S Ω is a permutation group, we define its stabiliser subgroups, bases, and base size. We also define the degree and fixity of its elements, and in turn the fixed point ratio and minimal degree of G.
Definition 2.2. Let G S Ω be a finite permutation group, ω a point in Ω, δ a subset of Ω, and g a nontrivial element of G.
(1) The stabiliser G ω of ω is the subgroup {g ∈ G | ωg = ω} of G of elements which fix ω. (2) The setwise stabiliser G δ of δ is the subgroup {g ∈ G | δg = δ} of G of elements which map points in δ to points in δ. (3) The pointwise stabiliser G (δ) of δ is the subgroup of G of elements which fix all points in δ,
The base size b(G) of G is the smallest size of a base for G.
The fixity fix(g) of g is the number of points in Ω that are fixed by g,
The degree m(g) of g is the number of points moved by g, m(g) := n − fix(g).
(8) The fixed point ratio fpr(G) of G is the maximum proportion of points in Ω that are fixed by a nontrivial element of G,
(9) The minimal degree m(G) of G is the smallest number of points that are moved by a nontrivial element of G,
2.2. Primitive, Quasiprimitive, and Innately Transitive Groups. We give the definition of primitive, quasiprimitive, and innately transitive groups, followed by a theorem collecting many of the results on these structures from the literature. We will later show how these bounds can be used to establish similar results for semiprimitive groups.
Definition 2.3. Let G S Ω be a finite transitive permutation group.
(1) G is primitive if there does not exist a nontrivial G-invariant partition of Ω. (2) G is quasiprimitive if every nontrivial normal subgroup of G is transitive on Ω. (3) G is innately transitive if G has a minimal normal subgroup N that is transitive on Ω.
Note that since a transitive permutation group acts transitively on the set of orbits of its normal subgroups, every normal subgroup N of a primitive group G must be transitive. This is since otherwise Ω would have a nontrivial G-invariant partition, namely the set orbits of N. This shows that all primitive groups are quasiprimitive. Similarly, since every finite quasiprimitive group has some minimal normal subgroup, which by the definition of quasiprimitivity must be transitive, all quasiprimitive groups are innately transitive. In an innately transitive group G, every intransitive normal subgroup of G centralises a transitive minimal normal subgroup of G. Centralisers of transitive groups are known to be semiregular [15, Theorem 3.2] . In particular, every normal subgroup of G must be either transitive or semiregular, and hence innately transitive groups are seen to be semiprimitive. We are now ready to present the collection of results which will be generalised in later sections.
Theorem 2.4. Let G S Ω be an innately transitive group of degree n. The following hold: 
Proof. Note that since both δ and σ are blocks for MH, so is δ ∩σ. This implies that δ ∩σ is a block for each of M and H too. If mh ∈ (MH) δ∩σ , then ω mh ∈ (δ ∩σ) mh = δ ∩σ. Now, h maps ω m ∈ σ to ω mh ∈ δ ∩ σ, and in particular ω m and ω mh are in the same H-orbit, namely σ. Hence m ∈ M σ . A similar argument shows that h ∈ H δ , and hence
Let α and β be elements of δ ∩ σ. Since M is transitive on δ, there exists some permutation m ∈ M such that α m = β. As δ ∩ σ is a block of imprimitivity for G, and m maps at least one element of δ ∩ σ back into δ ∩ σ, we conclude that m fixes δ ∩ σ setwise, and find that m ∈ M δ∩σ . Hence M δ∩σ acts transitively on δ ∩ σ. As
we conclude that M σ acts transitively on δ ∩ σ. An identical argument shows that H δ also acts transitively on δ ∩ σ. This establishes part (2) of the lemma.
Since
As H is transitive on σ and ω ∈ σ, we have that (MH) σ = H(MH) ω . Hence by the third isomorphism theorem, we
Hence M σ ∼ = (MH) ω /H ω , as required. By symmetry, H δ ∼ = (MH) ω /M ω . This establishes part (3) of the lemma.
We will need to address the central extensions of the alternating and symmetric groups in some detail, and so we present the relevant information here. Proof. Note that d = |Γ|. Consider the conjugation action ψ :
⋊ S Γ , and so we have the following inequalities:
we have by the third and first isomorphism theorems that
By the Schreier Conjecture, Out(T ) is soluble, and hence so is Out(T ) d . Subgroups of soluble groups are soluble, and so we conclude that N/MC G (M) is soluble, as required. 
for some prime p and positive integer d. The condition that M is minimal normal in G is equivalent to the requirement that G acts irreducibly on M by conjugation. Let
and so by the first isomorphism theorem, 
Properties of
A Ω and S Ω . We present a collection of results on the actions and extensions of the alternating and symmetric groups that will be used in the classification of their semiprimitive covers. 
Proof. Note that if ρ : A n → S d is a faithful action of A n on d points, then |A n | |S d |, which implies that n! 2d!. This implies that n d, as required. A similar argument shows that the same bound holds for faithful actions of S n . If G acts faithfully and irreducibly on C d p , then by the results of [19, 20] 
We now wish to establish which central covers of A n or S n have faithful actions that induce A n or S n on the orbits of a normal subgroup. Recall from Definition 2.6 that M(G) is the Schur multiplier of G, and classifies the isomorphism types of stem extensions of G. See [23, Chapter 2.7.2] for a proof of the following two lemmas.
Since we are only interested in minimal extensions, this lemma implies we need only consider covers with a kernel of size 2 or 3. In order to further examine the double-covers, we use the following lemma.
Lemma 2.12. Let G = A n or S n and n 5. There exists a central extension C 2 · G that may be thought of as a set of ±-signed permutations. This group is uniquely determined for A n , but there exist two non-isomorphic such groups for S n . We denote these groups by
Using the above result, we can prove the following.
There is no faithful action of G on 2n points.
Proof. We adopt the notation of Lemma 2.12. Namely, we let Z be the center of G, z be a generator of Z, and π : G → G/Z S n is the natural projection of G onto S n . We proceed by assuming ρ is a faithful permutation representation of G on 2n points, and establishing a contradiction. Note that since the natural projection π is a mapping into S n , we may view π as an unfaithful permutation action of G on n points. As Z is a normal subgroup, any faithful action ρ : G → S 2n , induces an action ρ : G → S n on the orbits of Z ∼ = C 2 , with kernel Z. Note that since Z is cyclic of prime order, it must be semiregular, and hence
If n = 6, then there exist unique faithful actions of A n and S n on n points, and so ρ : G → G/Z S n must be S n -conjugate to the natural projection π. That is, there exists some σ ∈ S n for which ρ(g) = π(g) σ for all g ∈ G. This establishes a permutational isomorphism between ρ and π. Let ω be a point in the 2n-element set G acts on. As ρ is permutationally isomorphic to π, and r 5, we may assume that ρ(G ω ) ∼ = A r−1 A 4 , and hence contains a double transposition. This implies that G ω contains a signed double transposition z. By Lemma 2.12, the square of any signed double transposition is the central involution −1. As z ∈ G ω and z 2 = −1, we have that Z G ω . But then since Z is normal, it must stabilise every point, contradicting that ρ was faithful. Hence, n = 6.
By inspection, the minimal degree of a faithful representation of
is 80, and hence these groups cannot induce an action of degree 6 on blocks of size 2. Thus no faithful action of G on 2n points exists.
2.5. Numerical Lemmas. Finally, we need two simple numerical results, which we establish now. 
and so by induction the lemma holds for all m > r 5.
Proof. We proceed by solving the inequality for b, and then bounding the values of a and b which do not satisfy the inequality.
2 , as required. Each implication in this demonstration is bidirectional, and so the converse also holds, establishing the claim.
Proof: If a 6, then since 1 +
is decreasing we have
and so by Claim 1 we have that
is decreasing, we have
and so by Claim 1 we have that a √ b − a √ ab − 1, as required.
Note that Claim 2 is logically equivalent to the statement of the lemma, and so the result is proven.
Covers
The goal of this section is to establish a classification of semiprimitive groups which induce the alternating or symmetric group on the set of orbits of a minimal normal subgroup. In order to do this, we first prove a lemma about the structure of semiprimitive groups in terms of the centralisers of their antiplinths.
3.1. Covers of Semiprimitive Groups. For the remainder of this section, we adopt the following notation, which applies to an arbitrary semiprimitive group with a minimal normal antiplinth:
(1) G S Ω is a finite semiprimitive group with minimal normal antiplinth M, (2) M ∼ = T d for some simple group T and positive integer d, Note that as G is semiprimitive and M is an intransitive normal subgroup of G, it follows from Lemma 1.2 that
Lemma 3.1. Suppose MH > M. Then, exactly one of the following holds:
, and H ∆ is an elementary abelian q-group for some prime q,
Proof. As H ′ is a characteristic subgroup of H, which in turn is a normal subgroup of G, H ′ is normal in G. Since M is a minimal normal subgroup of G, and H ′ is a normal 
prime q, integer b, and block δ ∈ ∆. In particular,
q is an elementary abelian q-group. This establishes case (2.) of the Lemma.
If M ∩ H ′ = 1, then as M and H ′ centralise each other, we have
If H ′ is transitive, then Ω = ω H ′ = σ. This implies that M σ = M, and so by part (3.) 
This establishes case (4.) of the Lemma.
If (H ′ ) δ has a unique minimal normal subgroup, as will turn out to be the case when we restrict our attention to the covers of alternating and symmetric groups in the next section, then we can say more about the isomorphism class of T . Proof. Consider the projection mappings
In particular, if, for some g ∈ M, π i (g) = 1 for all i = 1, ..., d, then it must be that g = 1. To state the contrapositive, if g = 1, then there exists some i for which π i (g) = 1. Since M σ ∼ = (H ′ ) δ in case (4.) of Lemma 3.1, M σ has a unique minimal normal subgroup. Choose a nontrivial element g in the unique minimal normal subgroup of M σ . As π i (g) = 1 for some i, π i | Mσ must be faithful, since the unique minimal normal subgroup of M σ is not in the kernel.
Extensions of
A Ω and S Ω . We now use Lemma 3.1 to classify the groups which induce A ∆ or S ∆ on the set ∆ of orbits of a minimal normal subgroup. We restrict our attention to the case where |∆| 5. This is due to the fact that under this assumption A ∆ is simple and S ∆ is almost simple, which simplifies the analysis. Even with this restriction, many interesting low-degree phenomena occur. The non-simplicity of A 5 's point stabiliser, the exceptional triple covers of A 6 and S 6 , and the exceptional isomorphism A 8 ∼ = GL 2 (4) each give rise to interesting examples of semiprimitive groups. There are also several infinite families of covers, as detailed in the following theorem. 
and G is innately transitive, (c) G ∼ = T × G ∆ , and T contains a subgroup isomorphic to
(a) G ∼ = (C 3 · A 6 ) ⋊ C 2 , (b) G ∼ = (A r−1 × A r ) ⋊ C 2 or (C 3 × A 5 ) ⋊ C 2 , and G is innately transitive, (c) G ∼ = (T × A r ) ⋊ C 2 or (T 2 × A r ) ⋊ C 2 ,
and T contains a subgroup isomorphic
to A r−1 .
Proof. Note that r 5, and hence that A ∆ is simple. As H ∆ is a normal subgroup of G ∆ , the possibilities for (H ∆ , G ∆ ) are (1, A r ), (1, S r ), (A r , S r ), (A r , A r ), and (S r , S r ).
These possibilities can be partitioned according to whether G ∆ /H ∆ is equal to G ∆ , C 2 , or 1. We analyse each case and study the implications of Lemma 2.9 and Lemma 3.1.
To begin, note that since M is minimal normal and 
Putting everything together, we find that ( Proof: If H ∆ = G ∆ , then by the third and first isomorphism theorems,
and so G = MH. If K is a normal subgroup of M, then it is normalised by both M and H = C G (M), and hence is normal in G = MH. As M is minimal normal, this implies that K = M. Hence M is simple, which is to say that d = 1. Since M is intransitive, this implies that G = MH > M, and so Lemma 3.1 applies. We consider each of the cases of Lemma 3.1 separately. Note that case (2.) of Lemma 3.1 cannot hold, as G ∆ has no nontrivial elementary abelian normal subgroups.
Suppose case (1.) of Lemma 3.1 holds.
we have by Lemma 2.11 that either M(H ∆ ) = 2, or r = 6 or 7 and M(H ∆ ) = 6. As n 5, Lemma 2.13 implies that the double covers of A r and S r do not have faithful actions on 2r points. That is, if M ∼ = C 2 then G could not induce A r or S r on the set of M-orbits. This leaves only the possibilities r = 6 or 7, in which case G ∼ = C 3 · A 6 or C 3 · A 7 , respectively. By inspection, we find that C 3 · A 6 has a subgroup isomorphic to A 5 , and that C 3 · A 7 has no subgroup isomorphic to A 6 . Hence, C 3 · A 6 has an action on 3r points, and C 3 · A 7 has no action on 3r points. As C 3 · A 6 is transitive in this action, and all of its proper normal subgroups are abelian (and hence semiregular), this action is semiprimitive. Thus Part (2.a) holds.
Suppose case (3.) of Lemma 3.1 holds. Then Claim 1 shows that M is isomorphic
, and so (H ′ ) δ is either simple or isomorphic to A 4 , in which case it has a unique nontrivial proper normal subgroup V ∼ = C 
Suppose case (4.) of Lemma 3.1 holds. Then
, we have that M σ is isomorphic to A r−1 , which is monolithic. Hence The outcomes of Theorem 3.4 can be partitioned into 6 infinite families and 7 exceptional groups. We detail these in the tables below: 
Examples
We will explore the structure of the groups that appear as low-degree exceptions to our results from the previous section. Namely, we construct all groups satisfying the conditions in Table 3 .2, above. points, which is readily seen to be semiprimitive. Example 4.2. If G = C 3 · A 6 , then by the correspondence theorem, G contains a subgroup H for which Z(G) H and H/Z(G) ∼ = A 5 . Note that M(A 5 ) = C 2 , and so H must split over Z(G) ∼ = C 3 . In particular, G contains a subgroup isomorphic to A 5 , and so has a transitive action on 18 points, which is semiprimitive.
If G ∼ = (C 3 · A 6 ) ⋊ C 2 , then as M(S 6 ) = C 2 , the minimal normal C 3 subgroup must not be central. Hence the involution C 2 acts by inversion on Z (C 3 · A 6 ). Now, G acts on the 18 cosets of a subgroup isomorphic to S 5 , which trivially intersects Z(G). This action is faithful and semiprimitive. 
The action of G on the 15 cosets of H is semiprimitive. In fact, the subgroup isomorphic to A 5 isa transitive minimal normal subgroup of G, and so G is innately transitive. Similarly, we may form the group G ⋊ τ , where τ acts on C 3 by inversion and on A 5 as conjugation by (1, 2), and let G ⋊ τ act on the cosets of H ⋊ τ . This action is faithful and innately transitive. Viewed another way, these groups are the general and semilinear groups of degree 2 over F 4 , in their natural action on the set of nonzero vectors of V = F 2 4 . The base size and minimum degree of these permutation groups can be calculated using Magma [4] , for example.
Bounds
We will now prove Theorem 1.5. It will follow directly from Theorems 5.1, 5.3, 5.6, 5.8, and 5.9, and Corollary 5.7 which establish each establish one part of Theorem 1.5.
5.1. Order. Our first numerical bound is for the order of a semiprimitive group, as a function of its degree.
Proof. If G is quasiprimitive, then the result follows from Theorem 2.4, part (1). Hence we may assume that G is not quasiprimitive, and so has a nontrivial antiplinth M. Suppose M is minimal normal in G. Then we may adopt the notation of Section 3.1. Now, ∆ is the set of M-orbits, and as M is an antiplinth, we have by Lemma 1.4 
If r 8, then |G ∆ | r! < 4 r , as required. Hence we may assume that r 9, and in particular that we are in case (2.) or (3.) of Corollary 1.7. If we are in case (2.), then d r −2 and so m 2 r−2 . If we are in case (3.), then T A r−1 and so m (r −1)!/2. In either case, m > r, and so by Lemma 2.14, we have mr! < 4 mr . As |G| = |M||G/M| mr! and mr = n, we have that |G| < 4 n , as required.
Hence we may assume that M in not minimal normal in G. This implies that there exists a nontrivial normal subgroup N ⊳ G of G which is properly contained in M. Let N be a maximal such subgroup of M. Define Ω := Ω/N to be the set of orbits of N, and G := G/N. By Lemma 1.2, G acts semiprimitively on Ω with kernel N. Hence,
As N is maximal in M with respect to being normal in G, M ∼ = M/N is a minimal normal subgroup of G ∼ = G/N. As M is an antiplinth of G, M is an antiplinth of G. Hence G is a semiprimitive group with a minimal normal antiplinth. From the first part of the proof, we have |G| < 4 |Ω| = 4 n/|N | . Now, |G| = |N||G| < |N|4 n/|N | , which is less than 4 n , establishing the theorem. 
Proof. Let G, Ω, ∆, B, and B be as above, and let N = G (∆) be the kernel of the action of G on ∆. Note that if δ ∈ ∆ and b ∈ δ, then G b G {δ} . Thus
However N is semiregular, and hence N ∩ G b is trivial for all b ∈ B. Thus
and so B is a base for G. As B has exactly one representative for each δ ∈ B, we have
There is a constant n 1 such that for every semiprimitive group G S Ω of degree n n 1 either b(G) < 4 √ n log 2 n, or G A Ω .
Proof. Let n 0 be as in Lemma 2.4, and define n 1 to be the least integer such that both n 0 4 √ n 1 log 2 (n 1 ) and n 0 n 1 hold. If G is quasiprimitive, then since n 0 n 1 , the result follows by Lemma 2.4. Hence we may suppose that G is not quasiprimitive, and so has a nontrivial antiplinth M.
Suppose M is a minimal normal subgroup of G. We adopt the notation of Section 3. 
Note that, regardless of the isomorphism type of G ∆ , we have that b(G ∆ ) r − 1. Suppose first that (1.) holds. Then b(G ∆ ) 3 4 √ 2 log 2 2 < 4 √ n log 2 n, establishing the theorem in this case. Now, suppose that (2.) holds. Here m 2 r−2 , and so n = mr r2 r−2 . Hence,
If (3.) holds, then m |A r−1 | = (r − 1)!/2, and so n = mr r!/2. Hence,
Finally, suppose (4.) holds, and G is isomorphic to one of
2, or 4.3, and in particular, r ∈ {5, 6, 7, 8}, and n ∈ {15, 18, 112, 128}. Hence
Hence we may assume that M is not minimal normal in G. This implies that there exists a nontrivial normal subgroup N ⊳ G of G which is properly contained in M. Let N be a maximal such subgroup of M. Define Ω := Ω/N to be the set of orbits of N, and G := G/N. By Lemma 1.2, G acts semiprimitively on Ω with kernel N. Hence,
As N is maximal in M with respect to being normal in G, M ∼ = M/N is a minimal normal subgroup of G ∼ = G/N. As M is an antiplinth of G, M is an antiplinth of G. Hence G is a semiprimitive group with a minimal normal antiplinth. By the first part of the proof, we have that b(G) < 4 √ Ω log 2 |Ω|, and hence that
The theorem follows.
There is a constant n 1 such that if G S Ω is a semiprimitive permutation group of degree n n 1 , then either |G| < 2 Proof. Let M := G (∆) be the kernel of the action of G on ∆. Note that since G is semiprimitive, M is semiregular. Let 1 = g ∈ G. If g ∈ M, then since M is semiregular, g moves every point in Ω. If g ∈ G\M, then g ∆ is a nontrivial element of G ∆ , and hence moves at least m(G ∆ ) of the blocks in ∆. As each block has s elements, the lemma follows.
Note that if we adopt the convention that m(G) = 0 if G is trivial, then we can remove the word 'nontrivial' from the statement of Lemma 5.5.
Theorem 5.6. Let G be a semiprimitive permutation group of degree n. Then either m(G) (
Proof. If G is quasiprimitive, then the result follows from Theorem 2.4, part (3). Hence we may assume that G is not quasiprimitive, and so G has a nontrivial antiplinth M.
Suppose M is minimal normal in G. We adopt the notation of Section 3. (1) r 4, Classes of permutation groups H for which the minimal degree m(H) of H ∈ H is not bounded in deg(H) by a constant have been shown by [10] to be indistinguishable. The significance of distinguishability is that there exists an efficient quantum algorithm for solving the hidden subgroup problem in S n when the hidden subgroup is drawn from a distinguishable class of groups. The interested reader is directed toward [10] for more information. Proof. This follows directly from Theorem 5.6 and [10, Theorem C].
Fixed Point Ratio.
Recall from Definition 2.2 that the fixity fix(G) of G is the maximum number of points fixed by a nontrivial element of G, and the fixed point ratio fpr(G) of G is the ratio of the fixity and degree of G. Proof. If G is primitive, the result follows from Theorem 2.4 with M = 1. Hence we may assume that G is not primitive.
Suppose G is quasiprimitive. Then, all nontrivial normal subgroups of G are transitive, and hence M = 1. This implies G ∼ = G/M, and so the socle of G is not a product of alternating groups. As G is not primitive, it has a nontrivial system of imprimitivity, and we may choose a maximal such system ∆. Let r = |∆|. As G is quasiprimitive, it acts faithfully on ∆. Hence G ∼ = G ∆ , and in particular G and G ∆ have isomorphic socles. In particular, the socle of G ∆ is not a product of alternating groups. As ∆ is a maximal system of imprimitivity, G ∆ is primitive, and so by Theorem 2.4 we have that fpr(G ∆ ) 4/7. Let 1 = g ∈ G. Then since fpr(G ∆ ) 4/7, g ∆ fixes at most 4r/7 points in ∆. As each block in ∆ has n/r points in it, we get that g fixes at most (4r/7)(n/r) = 4n/7 points in Ω, as required. Hence we may suppose that G is not quasiprimitive.
As G is not quasiprimitive, it has nontrivial intransitive normal subgroups, and in particular M is nontrivial. Let |M| = m. Since G is semiprimitive and M is intransitive, M is semiregular. Let Σ be the set of M-orbits in Ω, and let s = |Σ|. Since M is semiregular, s = n/m. As M is a maximal intransitive normal subgroup of the semiprimitive group G, we have by Lemma 1.2 that G Σ ∼ = G/M, and by Lemma 1.4 that G Σ is quasiprimitive. From the first part of the proof, we conclude that fpr(G Σ ) 4/7.
Let 1 = g ∈ G. If g is in M, then since M is semiregular, g moves every point in Ω, and so has no fixed points. If g is not in M, then since G Σ ∼ = G/M, we have that g Σ is a nontrivial element of G Σ . Since fpr(G Σ ) 4/7, we conclude that g Σ fixes at most 4s/7 elements of Σ. Each element of Σ is a set of m = n/s elements from Ω, and hence g fixes at most (4s/7)(n/s) = 4n/7 points, as required.
Chief Length.
Recall from Definition 2.1 that the chief length l(G) of a group G is the length of a chief series for G, and that all chief series for a given finite group have the same length.
Theorem 5.9. Let G S Ω be a semiprimitive group of degree n. Then the chief length l(G) of G satisfies l(G) 2 log 2 n.
Proof. Let M be an antiplinth of G, and let ∆ be the set of M-orbits. Let m := |M| and r := |∆|. Without loss of generality, we may consider a chief series for G passing through M. As each factor has order at least 2, there are at most log 2 m terms in the chief series up to and including M. By Lemma 1.4, G ∆ ∼ = G/M is quasiprimitive, and so by Theorem 2.4 we have that l(G ∆ ) 2 log 2 r. Hence there are at most 2 log 2 r terms in the chief series from M to G. Now, l(G) l(G ∆ ) + log 2 m 2 log 2 r + log 2 m < 2 log 2 (rm) = 2 log 2 n, as required.
